We have observed multi-wave mixing (MWM) processes in reversed-Y (RY) type system in 87 Rb atoms with electromagnetically induced transparency (EIT) windows at different laser polarization configurations. Interesting rules of changing the MWM processes and EIT profiles are obtained. We have found that the degenerate Zeeman sublevels and their dressed-state effects are responsible for these observed phenomena. Polarizable dark states are used to describe the multi-level dressed states. The experimental data are in good agreement with the results from the theoretical calculation that takes into account all the 16 Zeeman sublevels in the RY system. 
Introduction
The generated multi-wave mixing (MWM) signals in multi-level systems can transmit through the resonant atomic medium with little absorption under the electromagnetically induced transparency (EIT) conditions [1] [2] . Enhanced MWM processes due to laser-induced atomic coherence have been experimentally demonstrated in several multi-level atomic systems [3] [4] [5] . Interesting effects, such as quantum destructive interference in inelastic two-wave mixing [6] , phase-controlled light switching at low light level [7] , entangled images in the probe and signal beams in the four-wave mixing (FWM) process [8] , and generation of correlated photon pairs [9] [10] , have been experimentally studied in various coherently-prepared multi-level atomic systems. When a strong light field interacts with an atomic transition, the light-atom system can be considered as coupled harmonic oscillators with split normal modes, called dressed states. When more than one light field interact with the same or connected atomic transitions, multi-dressed states can be formed [11] . Recently, interplay among multi-dressed FWM processes [12] , competition via atomic coherence in a four-level atomic system with two co-existing FWM processes [13] and destructive/constructive interferences in a two-level atomic system [9] were studied. In recent years, many schemes have been developed to enhance higher-order nonlinear wave-mixing processes. More importantly, with induced atomic coherence and interference, the higher-order processes can become comparable or even greater in amplitude than the lower order wave-mixing processes [14] .
In this paper, we report combined theoretical and experimental studies on the polarization dependence of the MWM processes and EIT profile, using rubidium atoms as the nonlinear medium. We present the results obtained for the intensities of the MWM signals as a function of the polarization of the incident laser beams. The relations between the high-order (e.g. third-and fifth-order) nonlinear susceptibilities and the polarizations of the incident beams are shown. To explain the observed EIT profiles and different rules for the MWM signal peaks with different incident beam polarizations, we take into account the degenerate Zeeman sublevels and their dressed effects. We have found that the changes in the spectrum of the MWM processes can be attributed to the modulation in the probe field variation. The experimentally measured data are in good agreements with the results from the theoretically calculated results that take into account all the 16 relevant Zeeman sublevels in the reversed-Y (RY) system in rubidium atom.
Theoretical model and analysis
The relevant experimental energy-level diagram is shown in Fig. 1(a) . Four energy levels from the 87 Rb atoms are involved in the experimental schemes used in this work. The laser beams are spatially aligned as shown in Fig. 1(b) . In Fig. 1(a) , energy levels 0 3 G ′ ), with the same frequency detuning 3 ∆ ( 13 3 ω ω = − ) connecting the transition between 3 to 1 , also propagate in the opposite direction of Although only four energy levels are explicitly shown in Fig. 1(a) , there are Zeeman sublevels for each of these energy levels. There are multiple quantum paths for each step of the nonlinear optical processes. The probability amplitudes for these paths depend on the Clebsch-Gordan coefficients, which are intimately related to the polarizations of the input laser beams. Therefore, one can easily manipulate the contributions of the interference terms to the MWM signals by controlling the polarizations of the input laser beams.
To quantitatively investigate the polarization dependence of the MWM signals, we develop a theoretical model to treat the polarization-dependent nonlinear processes. The observed MWM signal intensities in the experiments are proportional to the square of the polarizations induced in Rb vapor at frequency M ω . First, for the FWM signal F E (by blocking laser beams 3 E and 3 E ′ ), the nonlinear atomic polarization
along the i (i=x,y) direction, from first-order perturbation theory, is given by [15] (3) (3)
where the third-order susceptibility contains the microscopic information about the atomic system. The susceptibility of the nonlinear tensor
ijkl F χ ω ω ω ω − is also related to the polarization components of the incident and generated fields. For an isotropic medium, as in the rubidium vapor, only four elements are not zero and they are related to each other by xxxx xxyy yxxy yxyx χ χ χ χ = + + . According to the experimental arrangement, we assume that the coupling beams 2 E , 2 E ′ , 3 E and 3 E ′ have fixed polarization along y-axis (S polarization), while the probe beam 1 E can have polarization in any direction in the xy plane. In this case, the polarization of the generated FWM signal beam F E will have two components, i.e. P and S polarizations, 
For a quarter-wave plate in the probe beam, 
θ , φ are the rotated angles of the half-wave plate and quarter-wave plate, respectively, relative to the x-axis. Similarly, for the generated SWM signal S E (when blocking the coupling laser beam 2 E ′ ), the fifth-order nonlinear polarization
is then given by
where (5) 
Under the same condition as mentioned above for the FWM case, the generated SWM polarization will have two components, parallel and perpendicular to the beam's polarization,
According to the experimental arrangement, we assume that the probe field can have linear polarization in any direction in the xy plane determined by the wave-plate, while the other coupling fields have fixed polarization along the same y-axis (S polarization). In this case, the polarization of the generated SWM signal beam will have two components, i.e. parallel and perpendicular to the coupling beams' polarization. For a half-wave plate placed in front of the probe beam, the polarizations of the SWM signal beam become cos 2 , sin 2 . 
In addition, for a quarter-wave plate, these fifth-order nonlinear susceptibility components are 
Experimental results
The experiment is done with hot 87 Rb atoms by three external cavity diode lasers (ECDL) and linewidths of less than or equal to 1 MHz. Each output power is as follow: 0.7 mw of probe field 1 E ; 65 mw of coupling beams 2 E , 2 E ′ and 15 mw of coupling laser beams 3 E , 3 E ′ . The cell whose length is 5cm is heat up to 60℃ and the density is 11 3 2.5 10 / cm × . Figure 2 shows the EIT spectra (lower dark curves) and the SWM spectra (upper red curves) of the 87 Rb atoms, by blocking laser beam 2 E ′ , for probe field with different polarizations rotated by a half-wave plate. The coupling beams are linearly polarized in the S polarizations direction and the probe beam is linearly polarized in the P polarization direction initially (defined as 0
As shown in Fig. 2 , various polarized configurations of the coupling and probe beams, by rotating the half-wave plate, result in quite different spectra. The absorption curve of the probe beam changes from EIT to a dispersion-like curve, and then back to EIT again while the polarization of the input probe beam changes one period. Meanwhile, the rules of the two SWM signal peaks change quite differently. These observed experimental results reveal that the degenerate Zeeman sublevels [16] and the dressed-state effects play crucial roles in the EIT and SWM spectra. To understand the above experimental results, we show the theoretical calculation of the probe absorption spectrum that considers all the 16 relevant Zeeman sublevels [17] in the RY system. Our calculations are limited to the cases that the coupling fields are linearly polarized and the magnetic field is absent. Three examples of the excitations of the coupling and the probe beams are illustrated in Fig. 3 . Figure 3(a) shows the case with the probe beam polarization to be orthogonal to the coupling beams and Fig.3(c) corresponds to the case with parallel polarization. Figure 3(b) gives the results with probe input polarization in between those two cases. For simplicity, we consider the cascade three-level system (by blocking coupling fields 3 E and 3 E ′ ), which forms an EIT configuration. For the case as given in Fig. 3(a) , the density-matrix ρ considering all the Zeeman levels is solved with the following equations: Γ is the spontaneous emission rate from an excited state | j > to a ground state | i > . ′ Γ , ′′ Γ and ′′′ Γ are the decoherence rates for the relaxation processes other than the spontaneous decay. To obtain linear susceptibility, we need to solve the density-matrix equations (11) under the steady-state condition. Under the weak probe field approximation [2] , the expressions of the first-order matrix elements can be easily calculated.
(1) For the right-hand-circularly (RHC) polarized sub-ladder systems: (2) For the left-hand-circularly (LHC) polarized sub-ladder systems: For the level configuration shown in Fig. 3(c) , the probe Hamiltonian is changed to 
and the remaining calculations are similar. We can then get the expressions of the matrix elements for the linearly polarized sub-ladder systems as: The case in Fig. 3(b) is an integration of the results from Figs. 3(a) and 3(c) . All the theoretical results of the different polarization configurations are obtained in the same way.
When we take into account all the Zeeman sublevels in the RY system, the unexpected profiles of the EIT spectra and different changing rules of the two SWM signal peaks can then be easily explained. For instance, initially, the polarizations of the probe beam and coupling beams are perpendicular [ Fig. 3(a) ]. There exist three RHC (blue arrows) and three LHC (green arrows) EIT subsystems with one RHC and one LHC probe transitions without the interference of the coupling fields. The observed transmission spectrum is the combination of the Lorentzian absorption profile and the EIT profile for the probe beam. However, in the Fig. 3(a) , the intensity of the Lorentzian absorption profile is much smaller than that of the EIT profile, which is the result of different dipole momentums between the Zeeman sublevels [18] . In the case of Fig. 3(b) , as the half-wave plate rotating, there are two linearly polarized EIT subsystems (red arrows) with the RHC and LHC EIT subsystems decreasing. Also, there are two additional linear probe transitions. The intensity of the Lorentzian absorption profile is comparable to that of the EIT subspectrums. Therefore, a narrower Lorentzian shape peak can be seen clearly on top of the broader EIT profile as shown in Fig. 2(a3) . Due to the detuning of the coupling field, the curve appears to be dispersion-like. When all the laser beams have the same polarization [ Fig. 3(c) ], there are only two linearly-polarized EIT subsystems and two linear probe transitions. Because of the different dipole momentums among different Zeeman sublevels, the Lorentzian absorption profile is much larger than that of the EIT profile, so the probe transmission has an absorption-type shape with subnatural linewidth [19] . This effect doesn't present in Fig. 2 due to our current experimental configuration, i.e., the signal is detected only in the P polarization.
In addition, if the coupling fields 3 E and 3 E ′ are open, there are doubly-dressed effects for the EIT curve. The analytical solutions will be changed as following.
(1) For the RHC-polarized sub-RY systems: 8  2  2  2  2  2  2,8  2  2  12,2  2 These expressions indicate that the additional coupling fields will modulate the EIT profiles. Different frequency detuning configurations of the three stronger coupling fields will affect the EIT spectral shape. By controlling the frequency detuning of the coupling fields, either EIT or electromagnetic induced absorption (EIA) spectrum will appear. In order to quantitatively compare with the observed changes of the SWM signal peaks as probe polarization changes, we choose to calculate the area of the spectrum under the peak [see Fig. 4 Fig 5(a1) ] is dominated by the polarization property. However, in the negative part [ Fig. 5(a2) ], it gradually changes from EIT to absorption in a half period. After the absorption is larger than the EIT dip, the increase of absorption is faster than the polarized attenuation, and then the roles of them are switched. Figures 4(b2) and 4(b3) illustrate the measured dependence of the relative SWM signal intensity on the rotation angle θ (half-wave plate) when the diode laser (probe) is tuned to the 1/ 2 5S , 2 F = → 3 / 2 5P , 2 F ′ = one-photon transition. Besides its direct dependence on the polarization of the probe beam, the SWM signal spectrum is also modulated by the EIT effect since it transmits through the medium in the EIT window. Figures 5(b1) and 5(b2) show the corresponding differences of the experiment data and theoretically calculated curves which represent different coupling paths of the total SWM processes via different polarization configurations. The left peak is always in the positive part of the dispersion-like EIT curve which gets dramatically modulated effect due to EIT. This means that the fifth-order susceptibility (5) ijklmn χ must be taken into account due to dressed effect, which affects the evolution of the peak together with the polarization dependence of 2 cos 2θ . The right peak is in the negative region of the dispersion-like EIT shape, where it is dominated by the polarization property due to the increase in absorption. We can conclude that the evolution of the SWM spectrum is modulated by the modified EIT spectrum. Next, we concentrate on the experimentally measured and theoretically calculated probe transmission and FWM spectra by rotating the quarter-wave plate (in front of the input probe beam) whose period is 180 degree as can be seen in Fig. 6 . Here, the MWM process is the FWM by blocking laser beams 3 E and 3 E ′ while other beams are turned on. The theoretical results can be obtained from the same procedure as above by eliminating the absent items, that is, LHC subsystems in the RY system. The EIT spectrum also shows the same profile, including the dispersion-like curve. However, the positive peak changes from a single peak into two peaks. Although the way of polarization with a quarter-wave plate is different from with a half-wave plate, its rules of evolution can be explained by the same method as for the half-wave plate. Schemes (d), (e) and (f) in Fig. 3 show the ways of coupling in different polarization configurations. Differ from using a half-wave plate whose period is 90 degrees, the right-hand elliptically polarized beam is present during 0~45 and 45~90 degrees [ Fig. 3(e) ], and a pure RHC-polarized beam at 45 degrees [ Fig. 3(f) ]. However, within 0~45 degrees, the RHC component increases gradually while the linear component decreases. In the region of 45~90 degrees the opposite process is true. Taking the case of 0~45 degrees as an example, we can take the right-hand elliptically-polarized beam being composed of a vertical, linearly-polarized beam and a RHC-polarized beam. Therefore, in our experiment, the original symmetric EIT configurations [ Fig. 3(d) ] are replaced by two linear EIT and three RHC EIT subsystems [ Fig. 3(e) ] that are asymmetric due to the difference in the dipole moments among different Zeeman sublevels. The destruction of this symmetry results in different polarizable dark states leading to the modified EIT spectrum. It is different from the case with half-wave plate, which does not destroy the symmetry in the EIT spectral shape. The situation in the rest of the period (45~90 degree) can be discussed in the same way. So, the spectrum by rotating a quarter-wave plate is different from the case of using a half-wave plate. The FWM spectra are modulated by the EIT spectra as shown in Fig. 6 . As the quarter-wave plate rotates, the FWM spectrum changes from a two-peak structure to a three-peak one. The rule of evolution for each peak includes not only the polarized property, but also effects of dark-state modulation due to the asymmetric coupling structure in EIT spectrum. Similar to the analysis used for the half-wave plate, the rule of evolution in the height of each absorption peak in the EIT profile follows the polarization effect of the probe beam. Although each peak [Figs. 7(a1)-(a3)] is significantly modulated, the general trend in its evolution is not destroyed. Moreover, in studying the detail dark-state coupling configuration for each peak, we have investigated the peak depths of the EIT curves [ Figs. 8(a1)-(a3) ]. All of them undergo the combined interactions of the selectively-polarized probe beam and the polarized dark-state modulation. The two peaks in the positive part of the dispersion-like curve can be attributed to the asymmetric EIT configuration, RHC polarization and vertical linearly-polarized EIT subsystems. Due to the increase in absorption [ Fig. 3(e) ], the right peak in the probe transmission spectrum changes from EIT to EIA [ Fig. 8(a3) ]. Therefore, based on the above analysis of the EIT spectrum, we can understand the rule of change in FWM spectrum easily. The left FWM peak [Figs. 7(b1) and 8(b1)], corresponding to the left EIT peak [ Fig. 8(a1) ] dominated by the polarized dark-state component, is dramatically modulated and the contribution from polarization change of the probe beam is suppressed. As mentioned above, there could be combined contributions from the third-order nonlinear susceptibility ( )   3  1  2  2 ( ; , , )
ijkl F χ ω ω ω ω − and the polarization effect of the probe field in the form of 4 4 sin cos φ φ + . Although it is affected by the polarized dark-state modulation, the trend of change for the middle peak [ Fig. 8(a2) ] follows the polarization change of the probe beam. As a result, the polarization property of the middle FWM peak survives [Figs. 7(b2) and 8(b2)]. The right FWM peak is modulated and its height increases gradually due to the increased absorption of the right peak in the probe transmission spectrum. Meanwhile, the middle FWM peak decreases gradually. These two peaks have a competitive relationship, which can explain their opposite phase evolutions [Figs. 7(b3) and 8(b3)]. 
Conclusion
In summary, we have experimentally and theoretically demonstrated that the modified EIT spectra resulting from degenerate Zeeman sublevels can significantly modulate the MWM processes. The different couple ways of permitted transitions of degenerate Zeeman sublevels due to polarization configuration of incident beam which destroy the symmetric can modulate the spectra [ Figs . The experimental data are in good agreement with the results from theoretical calculation involving all relevant Zeeman sublevels. Our study indicates that Zeeman sublevels should be taken into account in the analysis of the MWM, such as FWM and SWM, processes involving laser-induced atomic coherence in multi-level atomic systems.
